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This article describes the application of a novel constitutive
model for epoxy materials presented in an accompanying paper
(Melro et al., 2013) to the prediction of inelastic deformation and
fracture of polymer composite materials. In recent years, microme-
chanical numerical analysis has made substantial advances.
Proof of that is the outstanding increase in recent publications
addressing the issue of micromechanical modelling of composite
materials making use of ﬁnite element analysis (FEA). The ﬁrst is-
sue which requires attention whenmodelling the micromechanical
behaviour of a composite is the distribution of reinforcements in
the matrix material. Initially, a simpliﬁcation was used considering
that the distribution of reinforcements followed a regular pattern,
for example, square or hexagonal (Li, 2001). For example,
Romanowicz (2012) and Hobbiebrunken et al. (2005) performed
micromechanical analysis on an hexagonal distribution of rein-
forcements. However, such distributions do not appropriately
reﬂect the stress ﬁeld in the matrix, namely hydrostatic pressure
imposed by the stiffer ﬁbre material. To circumvent this problem,
algorithms and special techniques were developed to generate spa-
tial distributions of reinforcements. For example, Vaughan and
McCarthy (2010) proposed an experimental–numerical approach
to generate statistically equivalent distributions of reinforcements
in a composite, while Melro et al. (2008) developed an algorithm toll rights reserved.
x: +351 22 508 1584.quickly reproduce a statistically proven random distribution of
reinforcements.
The other important aspect for micromechanical analysis is the
constitutive behaviour of the constituents of the composite. The
matrix material is known to be pressure dependent and extremely
ductile under shear. To simulate these properties, many authors
gave use to standard non-linear models found in the literature.
Vaughan and McCarthy (2010) and Totry et al. (2010) have applied
the Mohr–Coulomb elasto-plastic model, Romanowicz (2012)
made use of the Drucker–Prager elasto-plastic model, and Canal
et al. (2012) considered the matrix to follow a plastic coupled with
damage model which does not consider any hardening effect. Inde-
pendent experimental analysis have shown that these constitutive
models are not suited for modelling the mechanical behaviour of
epoxy resins. Ghorbel (2008) compared some of these models con-
cluding that only a paraboloidal criterion can properly capture the
non-linear behaviour of polymers under compression. Similar con-
clusions were achieved by Raghava et al. (1973). Fiedler et al.
(2001) performed extensive experimental characterisation of
epoxy resins, reaching identical results. The use of Mohr–Coulomb
or linear Drucker–Prager models overestimates the mechanical
behaviour of the polymer under compressive loading conditions.
Based on these conclusions, this paper delivers a ﬁrst attempt at
implementing a thermodynamically sound constitutive model for
the material behaviour of an epoxy in composite materials, using
micromechanical analyses. The constitutive model consists of
an elasto-plastic stress evolution law that is capable of cap-
turing the most signiﬁcant characteristics of an epoxy, such as
pressure dependency on its yield and failure behaviour, and shear
Table 1
Material properties.
Glass ﬁbres Epoxy matrix
Young’s modulus [GPa] 74 3.76
Poisson’s ratio 0.2 0.39
Plastic Poisson’s ratio – 0.3
Tensile strength [MPa] – 93
Compressive strength [MPa] – 124
Mode I fracture toughness [N/mm] – 0.09
A.R. Melro et al. / International Journal of Solids and Structures 50 (2013) 1906–1915 1907non-linearity with an almost perfect plastic behaviour (Fiedler
et al., 2001). An isotropic damage model has been included in the
constitutive model in order to provide more accurate predictions
on damage initiation and propagation in an epoxy matrix. The
implementation of the damage model took into account the dissi-
pated energy release upon crack opening and propagation, accord-
ing to the crack band model proposed by Bazˇant and Oh (1983)
which allows for mesh independence of the obtained results. To
the authors’ knowledge, it is the ﬁrst time such a complete integra-
tion is performed in a micromechanical numerical analysis, by
considering non-linear effects resulting from hardening and
stiffness reduction due to failure. The model is robustly built in
order to appropriately represent the constitutive response under
any loading condition.
Application of this constitutive model is made to a batch of rep-
resentative volume elements (RVEs) of a unidirectional composite
material. The RVEs are developed at the micro-scale level of the
composite with a random distribution of reinforcements. A set of
periodic boundary conditions (PBCs) are applied to the RVEs allow-
ing for the application of different loading conditions. The interface
between the matrix and the reinforcements is accounted for by
applying cohesive elements between the two constituents in RVEs
(González and LLorca, 2007). Upon homogenisation of results, the
capability for the performed micromechanical analyses to capture
damage initiation and subsequent propagation with increasing
load is demonstrated. The inﬂuence of interfacial damage in the
non-linear behaviour of the composite is also addressed. Attention
is also given to the dependency of results to the size of the repre-
sentative volume elements used in the micromechanical analyses.
2. Constitutive modelling
In the generated RVEs, three different regions are considered:
the matrix material, the reinforcing ﬁbres, and the interface be-
tween matrix and ﬁbre. Since focus of this article is on the inﬂu-
ence of the interface and matrix material, the reinforcing ﬁbres
are considered to possess linear elastic isotropic constitutive
behaviour. The matrix is modelled using the elasto-plastic with
isotropic damage constitutive model described in Part I of this arti-
cle (Melro et al., 2013). The interface between ﬁbres and matrix is
represented using the cohesive element formulation existent in the
commercial ﬁnite element analysis software ABAQUS (Hibbit et al.,
2006). The cohesive element behaviour is linear elastic up to dam-
age onset. Initial stiffness of the cohesive element is set to
108 MPa=m to maintain continuity of the stress and strain ﬁelds
between ﬁbre and matrix. The strength of the cohesive elements
is dependent on the loading direction: tensile or shear. A tensile
strength of 50 MPa and a shear strength of 70 MPa are considered
for these analyses (Vaughan and McCarthy, 2011). Damage evolu-
tion is controlled by a linear softening law until complete failure of
the cohesive element. The rate of damage progression is controlled
by the fracture energy of the cohesive element under mode I, mode
II or a combination of both (Hibbit et al., 2006). Based on previous
experimental work (Varna et al., 1997), this value was set to
GIC ¼ 2 J=m2 and GIIC ¼ 6 J=m2. These low values of toughness are
justiﬁed not only from the experimental work in Varna et al.(1997), but also from the micromechanical numerical analyses per-
formed by Vaughan and McCarthy (2011) who have demonstrated
that the brittle behaviour in transverse tension typical of compos-
ites is only captured for such low values of interfacial toughness.
The material properties for both reinforcements and epoxy ma-
trix were taken from the literature and are summarised in Table 1.
The hardening behaviour of the epoxy, as well as the elastic and
strength properties were taken from the experimental work con-
ducted by Fiedler et al. (2001), while for the fracture toughness
an average value from what can be found in the literature is used
for Bisphenol-A type epoxies (Hsieh et al., 2010, for example).
The properties for the reinforcing ﬁbres are taken from Soden
et al. (1998). The diameter of the ﬁbre is considered constant and
equal to 5 lm.3. Finite element modelling
To demonstrate the validity of the presented constitutive mod-
els, several three-dimensional RVEs were generated and different
loading conditions were applied, always considering that a random
distribution of reinforcements in the transverse section exists. The
algorithm developed by Melro et al. (2008) was used for this pur-
pose. periodic boundary conditions (PBCs) were applied to the
RVEs following Barbero (2008). The main focus of this work is
not the appropriate choice of boundary conditions in RVE-based
modelling. We recognise that the damage pattern is affected by
this type of boundary conditions and further studies have to be
conducted to assess its impact.
PBCs can be incorporated in a ﬁnite element analysis by using
linear multi-point constraints. These are nothing more than kine-
matic constraints imposed on the degrees of freedom of each pair
of nodes belonging to opposite faces, edges or vertices of the RVE.
Not only the degrees of freedom of these nodes are variables in
these equations but also the far-ﬁeld applied strains. Depending
on which position the nodes are – faces, edges or vertices – a dif-
ferent set of equations must be applied to their degrees of freedom
in order to solve compatibility issues between different kinematic
constraints. Fig. 1 shows the location and numbering used for the
faces (a), edges (b), and vertices (c) of the RVE to apply PBCs.
Equations for establishing PBCs are summarised in the follow-
ing (Barbero, 2008):
 Facesu1i  u3i  ce0i1 ¼ 0
u2i  u4i  ae0i2 ¼ 0 ð1Þ
u6i  u5i  be0i3 ¼ 0 Edgesu2i  u4i  ce0i1  ae0i2 ¼ 0
u1i  u3i  ce0i1 þ ae0i2 ¼ 0
u6i  u8i  ce0i1  be0i3 ¼ 0
u5i  u7i  ce0i1 þ be0i3 ¼ 0 ð2Þ
u11i  u9i  ae0i2  be0i3 ¼ 0
u10i  u12i  ae0i2 þ be0i3 ¼ 0 Verticesu3i  u5i  ce0i1  ae0i2  be0i3 ¼ 0
u2i  u8i  ce0i1  ae0i2 þ be0i3 ¼ 0
u7i  u1i þ ce0i1  ae0i2  be0i3 ¼ 0 ð3Þ
u4i  u6i  ce0i1 þ ae0i2  be0i3 ¼ 0:
Fig. 1. Numbering on RVEs for application of PBCs.
Fig. 2. Generated RVEs and respective meshes.
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chosen to generate the mesh of the RVEs. However, due to the ran-
domness of the distribution of reinforcements and consequent dif-
ﬁculty to mesh such geometry, a few wedge elements had to be
included in the mesh. After post-processing results, it was con-
ﬁrmed that these elements presented no inﬂuence in the meso-
mechanical behaviour of the composite.Five different ﬁbre distributions were generated with a ﬁbre
volume fraction of 60% – CASES 1–5. The RVEs have a transverse
side-measure of 10 the ﬁbre radius and a thickness of 0:3 the
ﬁbre radius in the longitudinal direction. One more RVE was gen-
erated with a side-measure of 20 the ﬁbre radius – CASE 6 – with
the purpose of evaluating the independence of the results from the
volume element size. These dimensions are justiﬁed from a preli-
Table 2
Far-ﬁeld strain tensor applied for each load case.
Load case Far-ﬁeld strain tensor ½102 Diagram
Transverse tension eo ¼ e2  e2
Longitudinal shear eo ¼ e1  e2 þ e2  e1
Transverse shear eo ¼ e2  e3 þ e3  e2
Transverse compression eo ¼ e2  e2
Transverse compression and
transverse shear
eo ¼ e2  e2 þ e2  e3 þ e3  e2
(Avg: 75%)
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with different geometric parameters of the RVE (Melro et al.,
2012). Fig. 2 shows the generated RVEs and their respective
meshes. The smaller RVEs contain an approximate number of
39,200 elements while the larger RVE was built with approxi-
mately 155,000 elements.4. Application to composite volume elements
Five different loading conditions are applied to the RVEs which
should induce different mechanical responses to the material:
transverse tension, longitudinal shear, transverse shear, transverseAvg: 75%)
DV4
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transverse shear. The applied far-ﬁeld strain tensors are deﬁned
in Table 2.
For each loading condition, three different outputs are pro-
vided: the ﬁeld distributions of equivalent plastic strain and of
damage in the matrix, and the homogenised stress–strain curves
up to localisation of damage in the volume element. Although only
one CASE is presented for each loading condition, it is representa-
tive in terms of damage localisation pattern of all other CASES. The
stress–strain curves are obtained after performing volumetric
homogenisation deﬁned by:
roij ¼
1
V
Z
V
rijdV ¼ 1V
XNp
k¼1
rkijV
k; ð4Þ(Avg: 75%)
SDV4
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Fig. 4. Results for longituwhere roij represents the homogenised stress component, rkij and V
k
are the stress component determined at integration point k and
associated volume, respectively, and Np represents the total number
of integration points in the RVE. After localisation of damage, the
homogenisation procedure becomes ill-posed due to its dependence
on the size of the RVE and applied periodic boundary conditions.
Hence, the stress–strain diagrams are interrupted shortly after
localisation (the softening part of the curve is still plotted in dotted
line for reference).
Plots of homogenised stress–strain curves obtained with and
without considering cohesive elements along the ﬁbre–matrix
interface are compared. This comparison will help to distinguish
the roll played by different failure mechanisms in the numericalvg: 75%)
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A.R. Melro et al. / International Journal of Solids and Structures 50 (2013) 1906–1915 1911simulation, and the inﬂuence of each in the homogenised behav-
iour of the composite under different loading conditions.
4.1. Transverse tension
Fig. 3 shows the results for the transverse tension loading con-
dition for CASE 2 of the generated ﬁbre distributions. A crack devel-
ops along a direction transverse to the applied loading. Those
elements where the damage variable has reached a value of 1 have
failed completely. In the models with cohesive elements, crack for-
mation begins with the decohesion of the matrix from the ﬁbre, i.e.(Avg: 75%)
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Fig. 5. Results for transvwith the failure of cohesive elements in those regions where two
ﬁbres are aligned with the loading direction (marked with A in
Fig. 3(b)). If interfacial failure is not considered, then the transverse
tensile strength of the composite is overestimated. The same oc-
curs for the ultimate failure strain. This is visible in Fig. 3(c).
Although initial stiffness is similar considering or not interfacial
failure, the evolution of the micro-mechanical damage is substan-
tially different. Interfacial decohesion leads to a more pronounced
stiffness reduction, ultimately leading to an earlier transverse fail-
ure of the unidirectional composite. This stiffness reduction is a di-
rect consequence of interfacial failure all over the RVE. A damagevg: 75%)
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necks of matrix material around the regions where interfacial dam-
age is more pronounced (marked with B in Fig. 3b). This is con-
ﬁrmed by micrographs taken during experimental testing
(Hobbiebrunken et al., 2006, page 2252). Both experimental obser-
vations and numerical results demonstrate that brittleness of the
composite under transverse tension is consequence of the brittle-
ness of the interface and not of the epoxy matrix.
Also worthy of attention is the inﬂuence of the size of the RVE. A
larger RVE leads to equal results in terms of ultimate strength, but
there is a clear tendency for a sharper decline in the stiffness(Avg: 75%)
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Fig. 6. Results for transversereduction. This is to be expected since, as it was demonstrated in
the past (Nguyen et al., 2010), the homogenised stress–strain re-
sponse does not scale with the RVE size. This tendency occurs in
all loading conditions to be analysed in the following subsections.4.2. Longitudinal shear
Fig. 4 shows the results for the longitudinal shear loading con-
dition for CASE 3 of the generated ﬁbre distributions. An horizontal
band of damaged material is formed in the matrix parallel to the
ﬁbres. The inﬂuence of the ﬁbre–matrix interface is almost nullAvg: 75%)
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Fig. 7. Results for combined transverse compression and transverse shear example.
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the matrix which controls ultimate strength of the unidirectional
composite. Damage is ﬁrst activated in several regions in between
close ﬁbres where non-linear behaviour of the matrix also occurs
(marked with A in Fig. 4(a) and with B in Fig. 4(b)). As loading pro-
gresses, damage localises along an horizontal band in the matrix,
i.e. swerving around the ﬁbres. Albeit there is no inﬂuence of the
ﬁbre–matrix interface up to ultimate strength, in the softening re-
gion of the stress–strain curves (Fig. 4(c)) there is a tendency for a
sharper decrease of stiffness. In other words, by not consideringthe inﬂuence of the interface, a greater non-linear response in
the homogenised stress ﬁeld is obtained, leading to greater values
of failure strain of the unidirectional composite.
4.3. Transverse shear
Fig. 5 shows the results for the transverse shear loading condi-
tion for CASE 4 of the generated ﬁbre distributions. A band of local-
ised damage is formed along a diagonal direction (marked with A
in Fig. 5(b)). The inclination angle of this band is difﬁcult to judge
1914 A.R. Melro et al. / International Journal of Solids and Structures 50 (2013) 1906–1915given the constant swerving around the ﬁbres. Nevertheless, it is
possible to conclude that failure in the matrix occurs in a plane
roughly perpendicular to the maximum principal macro-stress.
Visible in Fig. 5(c) is the inﬂuence of the ﬁbre–matrix interfacial
failure. Interface failure provides a faster decrease of stiffness for
the unidirectional composite, thus inﬂuencing the predicted
value of ultimate stress and ultimate strain. Also, there is a longer
non-linear behaviour of the unidirectional composite when the
interface is not considered in the modelling, similarly to the
longitudinal shear case.
4.4. Transverse compression
Fig. 6 shows the results for the transverse compression loading
condition for CASE 1 of the generated ﬁbre distributions. The local-
ised band of damage (marked with A in Fig. 6(b)) follows a direc-
tion not aligned with the compressive load. The inclination of
this band is approximately 53 with a vertical line. This result
was recurring for all CASES. The measured angle of the localised
band of damage is in excellent agreement with observed experi-
mental data (Puck and Schürmann, 2002; Pinho et al., 2006). This
inclination angle also demonstrates that it is not due to the com-
pressive effort, but due to shear stresses developing along an in-
clined plane that failure is bound to occur along that inclined
plane. In Fig. 6(c) it is possible to visualise the inﬂuence of the ﬁ-
bre–matrix interfacial damage. Failure at the interface due to shear
efforts is bound to help propagate damage faster up to maximum
stress with consequent decrease in stiffness. The presence of inter-
facial damage also causes a lesser non-linear region, as was the sit-
uation for the two previous shear loading conditions.
4.5. Combined transverse compression and transverse shear
Fig. 7 shows the results for the combined effort of transverse
compression with transverse shear for CASE 5 of the generated ﬁ-
bre distributions. A different direction of the localised band of
damaged material is visible in this load case when comparing with
the individual loading cases of Figs. 5(b) and 6(b). For this load
case, the magnitude of the compressive load is equal to the magni-
tude of the transverse shear load. While the transverse compres-
sion imposes a fracture plane where the normal tensile
component is maximum at 53 with the vertical, the transverse
shear load imposes a different inclination angle for the fracture
plane. The combination of the two different loadings has an impact
on the distribution of shear stresses in the matrix affecting the
plane at which these shear stresses are maximum. Clearly visible
in Fig. 7(c) is also the inﬂuence of cohesive elements. Unlike in
the individual loading cases previously discussed, a combination
of transverse compression and transverse shear implies the
re-distribution of shear stresses in the matrix, especially in the
ﬁbre–matrix interface, where damage initiation is visible (marked
with B in Fig. 7(b)). The presence of interfacial damage also causes
a smaller non-linear region in the homogenised stress–strain
curves.
4.6. Discussion of results
Analysing the homogenised stress–strain diagrams in Figs. 3–7,
it can be concluded that the material response is not signiﬁcantly
affected by the choice of boundary conditions and size of RVEs in
the hardening stage. This is visible independently of the loading
condition that is applied to the RVEs. The independence of results
from the size of the RVEs is an important conclusion as it removes
the need for the use of huge RVEs in order to assure the represen-
tativeness of results, as had been done by Trias et al. (2006) or
Vaughan and McCarthy (2011).The material response during softening is not so linear and
there can be a dependency on both boundary conditions and size
of RVE. Recently, a novel type of boundary conditions for strain
localisation in micro-structural analyses was proposed (Coenen
et al., 2012) that is able to capture the constraining effect of the
material surrounding the RVE upon developing a localisation band.
As for the dependency on the size of the RVE during softening, one
possible remedy is the use of a ’’failure zone averaging’’ mechanism
(Nguyen et al., 2010). These alternatives should be considered in
future developments of the work presented in this paper.
The inﬂuence of ﬁbre–matrix interface must also be underlined.
Although under certain loading conditions their presence scarcely
changes the homogenised stress–strain response (such as under
longitudinal shear), in all other loading scenarios studied in this
contribution their inﬂuence is strongly felt. In future studies
involving micromechanical analyses where diverse boundary con-
ditions will be applied, the ﬁbre–matrix interface will be
considered.5. Conclusions
Upon development and implementation of a novel constitutive
damage model for a typical epoxy matrix in Part I of this contribu-
tion (Melro et al., 2013), representative volume elements of unidi-
rectional composites were studied. The ﬁbre–matrix interface has
been modelled assuming a bi-linear traction-separation damage
law. The RVEs contain a random distribution of reinforcements in
the matrix and periodic boundary conditions were implemented.
Different loading conditions were applied in order to study damage
initiation and propagation in the matrix and ﬁbre–matrix interface
– transverse tension, longitudinal shear, transverse shear, trans-
verse compression, and a combination of transverse compression
and shear. The objective of such analyses is to demonstrate the
capacity of the implemented material model for the matrix to cap-
ture the different responses visible in equivalent experimental
analyses:
 Under transverse tension and transverse shear loading, interfa-
cial damage is responsible for damage initiation. The formation
of narrow necks of epoxy material around the failed interfaces
demonstrates that failure under transverse tension is controlled
by the brittleness of the ﬁbre–matrix interface.
 Epoxy matrix is the sole responsible for damage initiation and
propagation under longitudinal shear load, thus justifying the
high shear straining measured experimentally.
 Inclination of the fracture angle is perfectly captured by the
micromechanical analyses. This demonstrates the good agree-
ment with experimental results obtained from using the pro-
posed constitutive model.
 Upon combination of transverse compression with transverse
shear, a combination of failure mechanisms is observed. The
damage is initiated along the ﬁbre–matrix interface and, simul-
taneously, shear straining is observed in the epoxy matrix.
Combination of these two mechanisms leads to considerable
non-linear behaviour of the composite.
Another important conclusion is the independence of results
from the size of the RVE before damage localisation.Acknowledgements
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